Breakup Threshold Anomaly: New Manifestation of the Dispersion Relation by Hussein, M. S. et al.
ar
X
iv
:n
uc
l-t
h/
05
02
01
1v
3 
 2
3 
A
pr
 2
00
7
New manifestation of the dispersion relation: Breakup Threshold Anomaly.
M. S. Hussein1, P. R. S. Gomes2, J. Lubian2 and L. C. Chamon1.
1Instituto de F´ısica da Universidade de Sa˜o Paulo,
Caixa Postal 66318, 05315-970, Sa˜o Paulo, SP, Brazil.
2Instituto de F´ısica, Universidade Federal Fluminense,
Av. Litoranea s/n, Gragoata´, Nitero´i, RJ, Brazil, 24210-340.
(Dated: November 6, 2018)
It is pointed out that the usual threshold anomaly, found operative in the energy behavior of
the imaginary and real parts of the optical potential representing the elastic scattering of tightly
bound nuclei at near- and below-barrier energies, suffers a drastic qualitative change in the case
of the elastic scattering of weakly bound nuclei. Owing to the strong coupling to the breakup
channel even at sub-barrier energies, the imaginary potential strength seems to increase as the
energy is lowered down to below the natural, barrier, threshold, accompanied by a decrease in the
real potential strength. This feature is consistent with the dispersion relation. The system 6Li +
208Pb is analyzed to illustrate this new phenomenon.
PACS numbers: 25.70.Bc,25.70.Mn
The, by now, well known Threshold Anomaly (TA),
seen in the behavior of the real and imaginary parts
of the optical potential as a function of decreasing en-
ergy in the elastic scattering of tightly bound nuclei at
near-barrier energies, has been discussed and reviewed
by several authors [1, 2, 3]. The phenomenon is a di-
rect consequence of the dispersion relation which quan-
tifies the concept of causality in scattering: no scattered
wave emerges before the incident wave reaches the tar-
get. Recently, the TA has been looked for in the case
of the elastic scattering of weakly bound stable and ra-
dioactive nuclei [4, 5, 6, 7, 8, 9, 10]. Careful analyses of
the data show that what happens in these systems is a
new manifestation of the dispersion relation unique for
breakup coupling dynamic polarization potential. Be-
cause the coupling to the breakup in these systems con-
tinues to be important even at energies below the barrier,
the ”threshold” ceases to be the barrier itself. Thus, the
imaginary part of the potential could increase at lower
energies and, as the dispersion relation dictates, the real
part of the dynamic potential would show a decrease, im-
plying an overall decrease in the real part of the optical
potential that fits the elastic scattering. This is indeed
what is found [4, 5, 6, 7, 8, 9, 10]. The purpose of this
paper is to give an account of this phenomenon, which
we coin as the Breakup Threshold Anomaly (BTA).
We analyze a system involving the 6Li weakly bound
nucleus: 6Li + 208Pb. We have re-analyzed the elas-
tic scattering angular distribution data [6] using the Sa˜o
Paulo (SP) optical potential. The choice of this potential
is due to the fact that it has been successfully used in the
study of several systems [11]. The conclusions obtained
here, however, do not depend on this particular choice of
potential. The SP interaction [11, 12, 13, 14, 15] is based
on the double folding potential with account to exchange
through an effective energy dependence:
VSP (R,E) = (1 + i 0.78)F (R,E), (1)
where F (R,E) is the double folding potential whose en-
ergy dependence results from the local equivalence of the
otherwise non-local interaction [15, 16]. This energy de-
pendence is not dispersive. The F (R,E) term is given
by:
F (R,E) = VF (R) e
−4v2/c2 , (2)
where c is the speed of light and v is the local relative
velocity between the two nuclei,
v2(R,E) =
2
µ
[E − VC(R)− VN (R,E)] , (3)
where VN is the real part of the nuclear interaction and
VC is the Coulomb potential. The folding potential de-
pends on the matter densities of the nuclei involved in
the collision:
VF (R) =
∫
ρ1(~r1) ρ2(~r2) V0 δ(~R − ~r1 + ~r2) d~r1, (4)
with V0 = −456 MeV fm
3. The use of the matter den-
sities and delta function in Eq. (4) corresponds to the
zero-range approach for the folding potential, which is
equivalent [14] to the more usual procedure of using the
M3Y effective nucleon-nucleon interaction with the nu-
cleon densities of the nuclei (instead of the matter den-
sities). With the aim of providing a parameter free de-
scription of the interaction, we proposed [14] an exten-
sive systematics of nuclear densities. For this purpose, we
adopted the two-parameter Fermi (2pF) distribution to
describe the densities. The radii of the 2pF distributions
are well represented by
R0 = 1.31A
1/3 − 0.84 fm, (5)
where A is the number of nucleons of the nucleus. The
values obtained for the matter diffuseness of the distri-
butions are very similar throughout the periodic table
and present small deviations around the average value
a = 0.56 fm. In this work, we use the Sa˜o Paulo poten-
tial in the context of this systematics by assuming the
2average diffuseness value and Eq. (5) to determine the
radii of the density distributions.
In the present analysis, we have assumed for the optical
potential a normalized version of the SP potential:
VSP (R,E) = [NR(E) + iNI(E)]F (R,E). (6)
The coefficients NR(E) and NI(E) are energy dependent
normalization factors that take into account the effects of
the dynamic polarization potentials (DPP) arising from
direct channel couplings. It is worth mentioning here that
all DPP´s are dispersive with their real and imaginary
parts being connected through a dispersion relation. One
important exception to this is the elastic transfer DPP
[17].
From the properties of the Green function, that enters
in the definition of the DPP, one can immediately de-
rive the dispersion relation between NR(E) and NI(E),
represented by:
NR(E) = NR0 +∆NR(E), (7)
∆NR(E) =
P
π
∫
NI(E
′)
E′ − E
dE′, (8)
and its subtracted form
∆NR(E) = ∆NR(Es)+(E−Es)
P
π
∫
NI(E
′)
(E′ − Es)(E′ − E)
dE′,
(9)
where Es is some high enough energy at which infor-
mation about both NI and ∆NR are known [2]. These
equations are the analog of the Kramer-Kronig dispersion
relation in optics, from general principle of causality, al-
ready mentioned above.
The dashed lines in figure 1 represent predictions, for
the elastic scattering of 6Li + 208Pb, obtained with the
energy-independent standard values NR = 1 and NI =
0.78 , while the solid lines correspond to the results ob-
tained with the best fit NR and NI values. A comparison
between these dashed and solid lines shows that the data
fit is quite sensitive to the NR and NI values.
Just to illustrate the dispersion relation, we have as-
sumed a schematic description for NI
NI = 0 for E ≤ E1, (10)
NI = a(E − E1) for E1 ≤ E ≤ E2, (11)
NI = a(E2 − E1) + b(E − E2) for E2 ≤ E ≤ E3, (12)
NI = a(E2−E1)+ b(E3−E2) = NI∞ for E ≥ E3. (13)
Within this assumption, and owing to the constancy of
NI at E > E3, the subtracted dispersion relation, Eq.
(9), gives the same result as the non-subtracted one, Eq.
(8). Using Eq. (8) and Eqs. (10-13), one obtains an
analytical expression for ∆NR [2, 3]
∆NR(E) = a(E2 − E1) [ǫ1ln|ǫ1| − ǫ2ln|ǫ2|] (14)
+ [b(E3 − E2)− a(E2 − E1)]
× [ǫ′
2
ln|ǫ′
2
| − ǫ′
3
ln|ǫ′
3
|] ,
with ǫi = (E−Ei)/(E2−E1) and ǫ
′
i = (E−Ei)/(E3−E2).
By using Eqs. (7) and (14), one can find NR(E) in an
independent way of the reference energy ES .
In figure 2 we present the best fit NR(E) and NI(E)
values. The uncertainties of these quantities have been
obtained by considering the range where NR(E) and
NI(E) could vary which would result in an increase of
the chi-square value by unity relative to the correspond-
ing minimum value. The lines in figure 2 represent pos-
sible behaviors of NR and NI that are compatible with
the dispersion relation. A striking difference in the en-
ergy dependence of these normalization coefficients from
the usual energy dependence of tightly bound systems is
clearly seen. As the energy is lowered below the barrier
NR(E) decreases, while NI(E) increases. This implies
an effective reduction of the nuclear attraction leading to
an increase in the barrier height.
A further evidence of the consistency of our analyses
are the values obtained for NR0 and NI∞. As the SP
potential, equation (1), has been successful in describing
the elastic scattering for a large number of different sys-
tems at energies above the barrier [11], one should expect
that both NR0 and NI∞ to be close to unity. Of course,
the values for NR0 and NI∞ found in the present work
are not identical to the standard (from high energies)
NR=1 and NI=0.78. However, these standard values
in fact represent mean values obtained from data analy-
ses of several systems [11] and one can expect variations
around the average values for particular systems. Indeed,
structure effects on the nuclear densities involved in the
folding calculations may affect NR while different degrees
of absorption from particular reaction channels could af-
fect NI . An inspection of Fig. 2 shows that NR0 ≈ 1 and
NI∞ ≈ 1 have been found in the present work.
As already commented, the solid lines in Fig. 2 repre-
sent behaviors of NR and NI compatibles with the dis-
persion relation. In fact, different behaviors, that also
could follow the ”data”, can be found. Therefore, clearly
our findings are mainly based on the NR and NI ”data”
themselves. The detected difference between the nor-
mal and weakly-bound systems is mostly based on the
results from the corresponding lowest energies (see Fig.
2). Even so, we consider that significant evidence for
the proposed BTA has been obtained, because the data
fits for these low energies are quite sensitive to NR and
NI , as illustrated by the dashed and solid lines in Fig.
1. We mention that similar behavior of the increasing of
the imaginary potential as the energy decreases towards
the barrier was already observed earlier for the same sys-
tem [9] using different data analysis procedures and also
for the following other systems: 9Be + 209Bi [4, 5], 6Li
3+ 28Si, 58Ni, 122Sn, 138Ba [7, 9] and 9Be + 64Zn [10],
although in these previous works there is no attempt to
explain the behavior of the energy dependence of the real
and imaginary parts of the optical potential as the BTA
phenomenon.
Traditionally, the threshold anomaly is formally dis-
played in terms of complex renormalization factors of the
double-folding potential, as we have done in the present
work. This assumption, which corresponds to assum-
ing that the radial dependence of the optical potential
is the same as the bare one, is well established for nor-
mal tightly bound stable nucleus systems. The situation
is more complicated in the case of weakly bound nuclei,
where the effect of the couplings give rise to a polariza-
tion potential with different radial shape. In particular,
an important role is played by the tail of the polarization
which is much longer than that of the folding potential
[18]. Nevertheless, our simple approach of considering
renormalization factors has provided good fits for all an-
gular distributions analyzed in the present work
In conclusion, we have found some evidence of dif-
ferences in the energy-dependence of the optical poten-
tial for tightly and weakly bound nuclei. The Break-up
Threshold Anomaly implies an increase of the imaginary
part and a decrease of the real part of the optical poten-
tial that fits the elastic scattering at low energies. Our
findings have mostly been based on the results obtained
from elastic scattering data analyses for the lowest ener-
gies of one system, and also on earlier data analyses for
other similar systems [4, 5, 6, 7, 8, 9, 10]. Clearly more
work is required to further improve our understanding of
the BTA.
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FIG. 1: Elastic scattering angular distributions for the 6Li
+ 208Pb system (data from [6]). The solid lines represent
the optical model results obtained considering the best fit NR
and NI parameters. The dashed lines correspond to the SP
potential with the standard NR = 1 and NI = 0.78 values.
4FIG. 2: Energy dependence of the normalization factors NR
and NI of the SP potential for the
6Li + 208Pb system. The
lines represent possible behaviors of NR and NI that are com-
patible with the dispersion relation.
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